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EXPANDING SOLITONS TO THE HERMITIAN CURVATURE FLOW ON
COMPLEX LIE GROUPS
MATTIA PUJIA
Abstract. We investigate the algebraic structure of complex Lie groups equipped with left-
invariant metrics which are expanding semi-algebraic solitons to the Hermitian curvature flow
(HCF). We show that the Lie algebras of such Lie groups decompose in the semidirect product
of a reductive Lie subalgebra with their nilradicals. Furthermore, we give a structural result
concerning expanding semi-algebraic solitons on complex Lie groups. It turns out that the
restriction of the soliton metric to the nilradical is also an expanding algebraic soliton and we
explain how to construct expanding solitons on complex Lie groups starting from expanding
solitons on their nilradicals.
1. Introduction
In 2011 Streets and Tian introduced a new flow of Hermitian metrics called Hermitian curva-
ture flow (HCF) [21]. The flow evolves an initial metric in the direction of a Ricci-type tensor of
the Chern curvature modified with some first order terms in the torsion. The defining equation
is strictly parabolic and when the initial metric is Ka¨hler the HCF reduces to the Ka¨hler-Ricci
flow.
The flow is defined as follow. Let (M,g) be a Hermitian manifold of complex dimension n,
with Chern connection ∇ and Chern curvature tensor Ω. Let Sij¯ = g
lk¯Ωlk¯ij¯ be the (1, 1)-tensor
obtained by contracting Ω in the first two entries and let
K(g) := S(g) −Q(g) ,
where Q is a (1, 1)-tensor quadratic in the torsion components (see [21] for the precise definition
of Q). Then HCF is defined by
(1) ∂tgt = −K(gt) , g|t=0 = g0,
where g0 is an initial Hermitian metric on M . In [21] the tensor Q is chosen in order to make
the flow satisfying a gradient-type equation. Nevertheless, since Q(g) contains only first order
terms in g, different choices of Q do not affect the parabolicity of the flow and these lead to
different interesting flows (see e.g. [17], [18], [19], [20], [22], [23], [24], [25], and the references
therein).
In this paper we focus on soliton solutions to the HCF, i.e. Hermitian metrics satisfying
(2) K(g) = cg + LXg,
for some c ∈ R and a complete holomorphic vector field X, where L denotes the Lie derivative.
By definition,K is both scale invariant and diffeomorphisms equivariant. Therefore, if g0 satisfies
(2) then the solution to (1) safitisfies gt = s(t)ϕ
∗
t g0, where s(t) > 0 and ϕt : M → M are
respectively a smooth scaling function and a one-parameter family of biholomorphisms.
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In complex Lie groups context it is quite natural to focus on semi-algebraic solitons, which
are left-invariant metrics g0 such that the solutions to (1) have the form gt = s(t)ϕ
∗
t g0 and ϕt is
a Lie group automorphism for every t. If further ∂tϕ
−1
t |t=0 is g-self-adjoint, then g is called an
algebraic soliton. Semi-algebraic and algebraic solitons of other flows have been studied in [1],
[5], [14], [15], [16].
Now we state the main result of the paper. Let (G, g) be a complex Lie group equipped with
a left-invariant Hermitian metric and consider the orthogonal splitting of its Lie algebra g in
g = r⊕ n ,
where n is the nilradical of g. Denote by gn the pull-back of g to the Lie group N of n. Then
we have
Theorem 1.1. The metric g is an expanding (i.e. c < 0) semi-algebraic soliton to HCF if
and only if gn is an expanding algebraic soliton to HCF on N , r is a reductive Lie subalgebra,∑
[adri |n, ad
t
r¯i |n] = 0 for any unitary basis {ri} of r, and
K(gr)(X, Y¯ ) = cgr(X, Y¯ ) +
1
2
tr(adX |nad
t
Y¯ |n)−
1
2
tr adX · tr adY¯ ,
for any X,Y ∈ r, where gr is the pull-back of g to the Lie group of r.
Note that if G is unimodular, then the expression of K(gr) in Theorem 1.1 simplifies to
K(gr)(X, Y¯ ) = cgr(X, Y¯ ) +
1
2
tr(adX |nad
t
Y¯ |n) .
Our interest in expanding algebraic solitons on complex unimodular Lie groups comes from [7],
where it is proved that expanding algebraic solitons on such Lie groups are limit points to the
normalized HCF. Indeed, when (G, g0) is a complex unimodular Lie group equipped with a left-
invariant metric, the solution gt to the HCF starting from g0 is defined for every positive t and
(G, (1 + t)−1gt) converges in Cheeger-Gromov sense to (G¯, g¯), where G¯ is a complex unimodular
Lie group and g¯ is an algebraic soliton.
Next we observe that in the solvable case we can improve Theorem 1.1 by giving an explicit
description of gr.
Corollary 1.2. Assume G unimodular and solvable. Then, g is an expanding algebraic soliton
to HCF if and only if gn is an expanding algebraic soliton to HCF on N , the Lie group G is
standard (i.e. g = r ⊕ n with r abelian),
∑
[adri |n, ad
t
r¯i |n] = 0 for any unitary basis {ri} of r,,
and
gr(X, Y¯ ) = −
1
2c
tr(adX |nad
t
Y¯ |n) ,
for any X,Y ∈ r.
The proof of Theorem 1.1 is mainly based on real geometric invariant theory (GIT), in the
same fashion as in [12].
Similar results, concerning the Ricci flow on different homogeneous spaces, can be found in
[6] and [16]. However, as pointed out by Lafuente and Lauret in [6], for the Ricci flow there is
a limitation given by Alekseevskiis conjecture. Indeed, if Alekseevskiis conjecture is confirmed,
then any Ricci flow expanding algebraic soliton (G/H, g) should be diffeomorphic to an Euclidean
space [5] and thus, accordingly, only solvmanifolds could admit expanding algebraic solitons to
the Ricci flow. In the HCF case such a limitation does not exist. As shown in [7], also semisimple
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complex Lie groups admit soliton metrics. Specifically, a complex Lie group G admits a left-
invariant static Hermitian metric, i.e. a metric satisfying the Einstein-type equation
K(g) = c g,
for some constant c ∈ R, if and only if the group is semisimple and the static metric is the
‘canonical metric’ induced by the Killing form. Hence, we have a wider set of expanding algebraic
solitons for the HCF, with algebraic structures completely classified by Theorem 1.1 in the case
of complex Lie groups.
The paper is organized as follows. In Section 2 we recall main results about HCF on complex
Lie groups and GIT on Lie groups. In Section 3 we prove Theorem 1.1 and its corollary. Finally,
in Section 4 we apply Corollary 1.2 to construct explicit examples of expanding algebraic solitons
to HCF on 4-dimensional solvable complex unimodular Lie groups.
Notation and conventions. By a complex Lie group we mean a Lie group endowed with a
bi-invariant complex structure (i.e. the multiplication is a holomorphic map).
Acknowledgments. The research of the present paper was originated by some conversations
with Jorge Lauret, during a visiting period of the author at FaMAF (Cordoba). The author is
very grateful to Lauret for many useful suggestions and insights on the problems studied in the
paper, and to Luigi Vezzoni for his comments on a preliminary version of the paper. The author
would like to thank the referee for him/her constructive comments, which helped to improve the
paper.
2. HCF and GIT results
In this section we recall some results on the HCF on complex Lie groups and GIT which will
be useful in the sequel.
2.1. HCF on complex Lie groups. The following proposition characterizes the HCF tensor
on complex Lie groups.
Proposition 2.1. [7] Let G be a complex Lie group equipped with a left-invariant Hermitian
metric g. Then
(3) K(g) = Ric1,1 + Qˆ ,
where Ric1,1 is the (1, 1)-part of the Ricci tensor of g and
Qˆ(Z, W¯ ) :=
1
2
tr adZ · tr adW¯ .
Here, Z,W are left-invariant vector fields of type (1,0).
It is well known (see e.g. [3]) that the Ricci tensor of a left-invariant metric g on a Lie group
G can be written as
Ric = M−
1
2
B− S(adH) ,
where, for any X,Y in the Lie algebra (g, µ) of G,
(4) M(X,Y ) = −
1
2
∑
k
g(µ(X,Xk), µ(Y,Xk)) +
1
4
∑
k,j
g(µ(Xk,Xj),X)g(µ(Xk ,Xj), Y ) .
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Here {Xr} denotes an orthonormal basis of g; H is the mean curvature vector given by the
relation g(H,X) = tr adX , for any X ∈ g, and
S(adH)(X,Y ) =
1
2
(g(µ(H,X), Y ) + g(µ(H,Y ),X)) ;
B(X,Y ) = tr(adXadY ) is the Killing form of g. If further G is a complex Lie group and g is a
left-invariant Hermitian metric g, then the (1,1)-part of the Ricci tensor satisfies
Ric1,1 = M− S(adH) .
Finally, when the Lie group G is unimodular Ric1,1 = M, since the S(adH)-term vanishes.
Although our goal is to study solutions to the HCF on complex Lie groups, our results hold
true for left-invariant solutions gt to the K-flow
(5) ∂tgt = −K(gt) , g|t=0 = g0 ,
on Lie groups, where
(6) K(g) := M− S(adH) + Qˆ
and Qˆ(X,Y ) := 1
2
tr adX · tr adY . From now on we focus on this more general setting and we
obtain the results stated in the introduction as special cases.
Definition 2.2. A left-invariant metric g on a Lie group G is a semi-algebraic K-soliton if its
K-tensor (6) satisfies
K(g) = c g +
1
2
(g(D·, ·) + g(·,D·)) , c ∈ R, D ∈ Der(g).
If further Dt ∈ Der(g), then the soliton is algebraic.
Note that, we can regard K(g) as an endomorphism
Kg : g→ g
of the Lie algebra of G via g(Kg·, ·) = K(g)(·, ·). Thus, the semi-algebraic K-soliton condition
can be written in terms of Kg as
Kg = c I +
1
2
(D +Dt), c ∈ R, D ∈ Der(g) .
Remark 2.3. Every semi-algebraic K-soliton is a soliton in the usual sense. Indeed, if G
is a simply-connected Lie group, then the solution to (5) starting from a semi-algebraic K-
soliton g is gt = (−c t + 1)ϕ
∗
t g, where ϕt ∈ Aut(G) is the unique automorphism such that
dϕt|e = e
−tD/2 ∈ Aut(g).
2.2. GIT on Lie groups. Let N be a Lie group with Lie algebra (n, µ0). The Lie bracket of
n is an element of the variety of Lie algebras (see e.g. [9], [11], [14])
C =
{
µ ∈ Λ2n∗ ⊗ n : µ satisfies the Jacobi identity
}
.
By changing µ ∈ C we obtain all the possible structures of Lie algebra on the vector space n.
The Lie group GL(n) acts canonically on
V := Λ2n∗ ⊗ n
by
(7) A · µ(·, ·) = Aµ(A−1·, A−1·) .
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The action induces the Lie algebra representation pi : End(n)→ End(Λ2n∗ ⊗ n) given by
(8)
(
pi(E)µ
)
(X,Y ) := E(µ(X,Y ))− µ(E(X), Y )− µ(X,E(Y )) , X, Y ∈ n, E ∈ End(n) ,
and it satisfies pi(D)µ = 0, for any derivation D ∈ Der(n).
Now we fix a inner product g on g and for A,B ∈ End(n) we denote by
〈A,B〉 := trABt
the scalar product induced on End(n), where the transpose is given with respect to g. In order
to simplify the notation we still denote with 〈·, ·〉 the scalar product induced on Λ2n∗ ⊗ n. The
pair (µ0, g) induces a tensor M via (4). Using the metric, we can regard M as an endomorphism
Mg : n→ n .
By fixing g and changing µ we obtain a different M-endomorphism in End(n) which we denote
by Mµ. In this way, we have a map from C to End(n), µ 7→ Mµ. Note that by definition
Mµ0 = Mg .
Proposition 2.4. [8] The map
µ 7→
4
‖µ‖2
Mµ
from Λ2n∗ ⊗ n \ {0} to End(n) is a moment map, in the sense of GIT, i.e.
(9) 〈Mµ, E〉 =
1
4
〈pi(E)µ, µ〉 ,
for any E ∈ End(n) and µ ∈ Λ2n∗ ⊗ n \ {0}.
Next, we recall a stratification theorem involving V proved in [12]. Fix a basis in n and for
any element µ ∈ V denotes with µkij its components. Moreover, let
N := {µ ∈ C : µ is nilpotent}
be the variety of nilpotent Lie algebras,
t+ := {β = diag(a1, . . . , an) ∈ t : a1 ≤ . . . ≤ an}
and αkij := Ekk −Eii −Ejj, where Eij is the zero matrix with 1 in the ij-entry. Here, t denotes
the maximal torus algebra in gln(R) given by the n× n diagonal matrices.
Theorem 2.5. [12, 13] There exists a finite subset B ⊂ t+, such that every β ∈ B satisfies
tr β = −1 and
V\{0} =
⋃
β∈B
Sβ (disjoint union) ,
where {Sβ}β∈B is a family of GLn(R)-invariant subset of V. Given µ ∈ Sβ
(10) β + ‖β‖2I is positive definite ∀β ∈ B such that Sβ ∩ N 6= ∅ ,
(11) 〈[β,D],D〉 ≥ 0 , ∀D ∈ Der(µ) (equality holds ⇔ [β,D] = 0)
and
(12) ‖β‖ ≤
4
‖µ‖2
‖Mµ‖ .
The equality in Moreover, if µ ∈ Sβ satisfies
(13) min{〈β, αkij〉 : µ
k
ij 6= 0} = ‖β‖
2 ,
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then
(14) 〈pi(β + ‖β‖2I)µ, µ〉 ≥ 0
and
(15) tr βD = 0, ∀D ∈ Der(µ) .
The equality in (14) holds if and only if β + ‖β‖2I ∈ Der(µ).
Remark 2.6. Note that condition (13) is always satisfied by some element in the O(n)-orbit of
µ. If condition (13) is satisfied and µ ∈ Sβ, then
β = mcc{αkij : µ
k
ij 6= 0} .
Here with mcc(X) we mean the unique element of minimal norm in the convex hull CH(X) of a
subset X ⊂ t ([12]).
3. Structure of solitons on Lie groups
Let (G, g) be a Lie group equipped with a left-invariant metric. Let (g, [·, ·]) be the Lie algebra
of G and 〈·, ·〉 the inner product induced by g on g. Let
g = r⊕ n
be the orthogonal decomposition of g, where n is the nilradical of g, and
λ := [·, ·]|r×r , σ := [·, ·]|r×n , µ := [·, ·]|n×n .
Note that λ can be further decomposed in λ0 : r× r→ r and λ1 : r× r→ n.
Let β such that µ ∈ Sβ and define Eβ ∈ End(g) by
Eβ|r = 0 , Eβ |n = β + ‖β‖
2I ,
where I is the identity of n. Moreover, we denote by Mn : n→ n the endomorphism of n defined
by using (4) and, when r is a subalgebra of g, we denote by Mr : r → r the endomorphism of r.
We have the following lemma.
Lemma 3.1. [6] Assume that (n, µ) satisfies (13). Then,
〈pi(Eβ)[·, ·], [·, ·]〉 ≥ 0
and
〈pi(Eβ)[·, ·], [·, ·]〉 =〈pi(β + ‖β‖
2I)µ, µ〉
+
∑
〈(β + ‖β‖2I)[ri, rj ], [ri, rj ]〉
+
∑
2〈[β, adri |n], adri |n〉 ,
with {ri} orthonormal basis of r. Moreover, each term is non-negative.
Henceforth, when confusion cannot occur, we identify tensor K with its associated endomor-
phism Kg. Also K-tensor components will be identify with their associated endomorphisms. The
following lemma (whose proof is a direct computation) will be useful in the sequel.
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Lemma 3.2. Assume [r, r] ⊂ r. Then, for any A,B ∈ r and Z,W ∈ n,
〈MZ,W 〉 =〈MnZ,W 〉+
1
2
∑
〈[adri |n, ad
t
ri |n]Z,W 〉 ,
〈MA,B〉 =〈MrA,B〉 −
1
2
tr(adA|nad
t
B |n) ,
〈MA,W 〉 =−
1
2
tr(adA|nad
t
W |n) ,
where {ri} is an orthonormal basis of r.
Remark 3.3. Note that under the assumptions of Lemma 3.2, in matrix notation we have
(16) Mg =
1
2
[
2Mr − B˜ −B˜
−B˜ 2Mn +
∑
[adri |n, ad
t
ri |n]
]
,
where B˜ is the operator given by 〈B˜X, Y 〉 = tr(adX |nad
t
Y |n), for all X,Y ∈ g, and the blocks
are in terms of g = r⊕ n.
From now on we assume that the metric g satisfies the semi-algebraic expanding soliton
equation
Kg = c I +
1
2
(D +Dt), c < 0, D ∈ Der(g) ,
and we set
F := S(adH +D) ,
where S(A) is the symmetrization of A ∈ End(g).
Lemma 3.4. We have
(17) c trF + trF 2 = 0 .
Proof. Let E := adH +D, then E ∈ Der(g) and
tr(c I − Qˆ+ F )E = trMgE =
1
4
〈pi(E)[ , ], [ , ]〉 = 0 ,
from (9). Since Qˆ is invariant under automorphisms of g, it follows
e−tD˜
t
Qˆe−tD˜ = Qˆ ,
for any derivation D˜ ∈ Der(g). Differentiating at t = 0, we have DtQˆ+ QˆD = 0, which implies
0 = tr(DtQˆ+ QˆD) = 2 tr QˆD ,
and the claim follows. 
Now we have
Proposition 3.5. The orthogonal complement r of the nilradical n is a reductive Lie subalgebra
of g and
g = r⋉ n .
Proof. Without loss of generality we can suppose that condition (13) holds, since the claim
condition is preserved by the O(n)-action on (n, µ) (see [6] for more details).
To prove the statement, we study separately the case when either n is abelian or not. In the
former case, i.e. µ = 0, let E ∈ End(g) be given by E|r = 0 and E|n = I. Since trF = trF |n
([6], Lemma 2.6), by (9) we have
(18) c n+ trF = tr(c I − Qˆ+ F )E = trMgE =
1
4
|λ1|
2 ,
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where n := dim(n). Clearly, if n = 0 the claim follows. Otherwise, from (17) and (18) we have
c n + trF ≥ 0 and trF 2 ≤ n−1(trF )2 ,
which force λ1 = 0, F |r = 0 and F |n = t I, for some t ≥ 0.
Now assume n non-abelian and recall that (13) holds. Then, in view of Lemma 3.1 we have
(19)
〈pi(Eβ)[·, ·], [·, ·]〉 =〈pi(Eβ)λ0, λ0〉+ 〈pi(Eβ)λ1, λ1〉
+ 2〈pi(Eβ)σ, σ〉 + 〈pi(Eβ)µ, µ〉 ≥ 0 ,
which implies
(20) c trEβ + trFEβ = tr(c I − Qˆ+ F )Eβ = trMgEβ ≥ 0 ,
since (9) holds and tr QˆEβ = 0. Hence, the following equalities hold (since tr β = −1):
trE2β =‖β‖
2 trEβ and trFEβ =‖β‖
2 trF ,
and using the above formulae we have
trF 2trE2β ≤ (trFEβ)
2(≤ trF 2trE2β) ,
which implies
F = tEβ , for some t ≥ 0 .
Moreover, since (17) and (19) hold, we have
c trEβ + trFEβ = 0
and λ1 = 0. Hence, the claim follows. 
From the proof of Proposition 3.5 we can easily deduce the following result.
Proposition 3.6. Assume µ 6= 0 and satisfying (13). Then
i. [β, adr|n] = 0,
ii. β + ‖β‖2I ∈ Der(n),
iii. F = t Eβ, where t =
trF |n
−1+‖β2‖dim n .
While, for µ = 0 it follows F |r = 0 and F |n = t I, where t =
trF |n
dim n
.
Proof. Items (i) and (ii) respectively follow from (11) and (14), since 〈pi(Eβ)[·, ·], [·, ·]〉 = 0. The
other claims follow directly by the previous proof. 
Remark 3.7. Let a be the center of r. In view of Proposition 3.5, r is a reductive Lie algebra
and consequently it decomposes as
r = h⊕ a ,
where h := λ(r, r) is a semisimple Lie algebra. Hence, we can write g as
g = (h⊕ a)⋉θ n ,
where θ(X) := adX |n, for all X ∈ r. However, since a is an abelian subalgebra of g, we can also
write
g = h⋉θ (a⋉θ n) ,
where θ(X) := adX |a⊕n and θ(X)A = 0, for any X ∈ h and A ∈ a.
With the notations of Proposition 3.5 in mind, we have the following
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Lemma 3.8. We have
adtX |n ∈ Der(n) ,
for any X ∈ r, and ∑
[adri |n, ad
t
ri |n] = 0 ,
where {ri} is an orthonormal basis of r.
Proof. If n is abelian, i.e. µ = 0, then the claims trivially follow. Let’s assume µ 6= 0 and
satisfying (13). It follows from Propositions 3.5 and 3.6 that F = tEβ, for some t ≥ 0. Since
trF |2n = trF
2, we have
t = −
c
‖β‖2
and F |n = −c I −
c
‖β‖2
β .
Thus, from Lemma 3.2 and K|n = c I +
1
2
(D|n +D
t|n) it follows
(21) Mn +
1
2
∑
[adri |n, ad
t
ri |n] +
c
‖β‖2
β = 0 .
By tracing the left-hand side of (21) and taking into account tr β = −1 we obtain
c = −
1
4
‖β‖2‖µ‖2 .
Moreover, since pi is a Lie algebra morphism and pi(adX)
t = pi(adtX), for all X ∈ g, we have
(22)
trMn[adri |n, ad
t
ri |n] =
1
4
〈pi(adri |n)pi(ad
t
ri |n)µ, µ〉
=
1
4
〈pi(adtri |n)µ, pi(adri)
t|nµ〉
=
1
4
‖pi(adtri |n)µ‖
2 ,
for any ri ∈ {ri}, and multiplying (21) by Mn
0 =trM2n +
1
8
∑
‖pi(adtri |n)µ‖
2 +
c
‖β‖2
trMnβ
=
1
8
∑
‖pi(adtri |n)µ‖
2 +
‖µ‖2
4
(
4
‖µ‖2
‖Mn‖
2 − 〈Mn, β〉
)
.
Then, by (12) we have
〈Mn, β〉 ≤
4
‖µ‖2
‖Mn‖
2
and ∑
‖pi(adtri |n)µ‖
2 = 0 ,
which implies adtri |n ∈ Der(n), for all i, and the first claim follows.
To prove the second claim it is enough to observe that Mn and β are orthogonal to any
derivation of n, and applying (21) ∑
[adri |n, ad
t
ri |n] = 0 .

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Remark 3.9. By (22), given a metric Lie algebra g,∑
[adri |n, ad
t
ri |n] = 0 , for any orthonormal basis {ri} of r ,
implies
adtX |n ∈ Der(n) , for any X ∈ r .
3.1. Proof of the main results. The next proposition implies our Theorem 1.1.
Proposition 3.10. Let (G, g) be a Lie group equipped with a left-invariant metric and g its Lie
algebra. Let g = r ⊕ n be the orthogonal decomposition of g, where n is the nilradical of g, and
let gn be the pull-back of g to the Lie group N of n. Then, g is an expanding semi-algebraic
K-soliton if and only if
(i) g = r⋉ n, with r reductive Lie subalgebra and n nilradical of g;
(ii) gn is an expanding algebraic K-soliton on N;
(iii)
∑
[adri |n, ad
t
ri |n] = 0, where {ri} is an orthonormal basis of r;
(iv) for any X,Y ∈ r
K(gr)(X,Y ) = c gr(X,Y ) +
1
2
tr(adX |nad
t
Y |n)−
1
2
tr adX · tr adY ,
where gr is the pull-back of g to the Lie group of r.
Proof. Let (G, g) be an expanding semi-algebraic K-soliton with Kg = c I +
1
2
(D+Dt), for some
D ∈ Der(g), and denote with B˜ : g→ g the endomorphism defined by
〈B˜X, Y 〉 = tr(adX |nad
t
Y |n) .
Items (i) and (iii) follow from Proposition 3.5 and Lemma 3.8, respectively. Item (iv) follows
from Proposition 3.5 and Lemma 3.2, since
M|r + Qˆ|r = c I|r and Mr = M|r +
1
2
B˜|r .
Finally, item (ii) follows from Lemma 3.2 and Lemma 3.8. Indeed,
(c I + S(D))|n = M|n − S(adH)|n = Mn − S(adH)|n = Kgn − S(adH)|n ,
where Kgn denotes the K-operator of the Lie algebra n. Thus, the claim follows and it turns out
that the derivation associated to gn is given by D1 = S(adH +D)|n.
Viceversa, suppose that (i)-(iv) hold. Let n = n1 ⊕ . . . ⊕ nr be an orthogonal decomposition
of n such that
[n, n] = n2 ⊕ . . .⊕ nr , [n, [n, n]] = n3 ⊕ . . .⊕ nr
and so on. Since adX |n and ad
t
X |n are both derivations by Remark 3.9, we have adX(ni) ⊂ ni
and adZ(ni) ⊂ ni+1, for any X ∈ r and Z ∈ n. Thanks to Lemma 3.2 and (iii), under these
assumptions, we have
M =
[
Mr −
1
2
B˜ 0
0 Mn
]
and K =
[
∗ 0
0 ∗
]
,
where the block representations are with respect to g = r⊕ n.
Now, let D1 be the derivation characterizing gn and D := −adH +
[
0 0
0 D1
]
. Since r is reductive
and (iv) holds, we have
K|r = M|r − S(adH)|r + Qˆ|r = Mr −
1
2
B˜|r − S(adH)|r + Qˆ|r ,
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which implies K|r = c I − S(adH). Similarly,
K|n = M|n − S(adH)|n = Mn − S(adH)|n
and K|n = c I + S(−adH +D1), since (ii) holds.
It only remains to show thatD ∈ Der(g). To prove the claim it is enough that
[
0 0
0 D1
]
∈ Der(g),
or equivalently [D1, adX |n] = 0, for any X ∈ r. However, since Kgn = Mn = c I + D1 and Mn
commutes with any derivation of n whose transpose is also a derivation ([6], Remark 2.5), the
claim follows. 
Corollary 1.2 follows since in the solvable case r is abelian and, consequently, K(gr) = 0.
Remark 3.11. When G is unimodular the derivation D := Kg − cI only acts on the nilradical
n of g, since H = 0 (and therefore adH = 0) by definition.
4. Applications
In this section we use our results to construct explicit examples of expanding algebraic solitons
to HCF on complex Lie groups.
We work on 4-dimensional solvable (non-nilpotent) complex unimodular Lie algebras, which
are classified by the following list (see e.g. [4]):
• s3,−1 ⊕ C, with structure equations
[Z1, Z2] = Z2 , [Z1, Z3] = −Z3 ;
• g1(−2), with structure equations
[Z1, Z2] = Z2 , [Z1, Z3] = Z3 , [Z1, Z4] = −2Z4 ;
• g4, with structure equations
[Z1, Z2] = Z3 , [Z1, Z3] = Z4 , [Z1, Z4] = Z2 ;
• g7, with structure equations
[Z1, Z2] = Z3 , [Z1, Z3] = Z2 , [Z2, Z3] = Z4 ;
• g3(α), with structure equations
[Z1, Z2] = Z3 , [Z1, Z3] = Z4 , [Z1, Z4] = α(Z2 + Z3) , α ∈ C
∗ .
We show that in the first four cases (s3,−1 ⊕ C, g1(−2), g4, g7) there exists a soliton to HCF
on the corresponding Lie group (in view of [7, Theorem 1.2], a complex unimodular Lie groups
has at most one algebraic soliton to HCF up to homotheties). In the last case the existence of
a soliton remains an open question.
4.1. s3,−1 ⊕C. Let g be a Hermitian inner product on s3,−1 ⊕C. We can find a g-unitary basis
{Wi} such that
W1 ∈ 〈Z1, Z2, Z3, Z4〉 , W2 ∈ 〈Z2, Z3, Z4〉 , W3 ∈ 〈Z3, Z4〉 , W4 ∈ 〈Z4〉 .
With respect to this new basis, we have
[W1,W2] = pW2 + qW3 + rW4 , [W1,W3] = −pW3 + sW4 ,
for some p, q, r, s ∈ C with p 6= 0, and
s3,−1 ⊕ C = r⊕ n ,
where r = 〈W1〉 and n = 〈W2,W3,W4〉.
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Since the nilradical n is an abelian ideal, gn trivially induces an expanding algebraic soliton
to HCF on the Lie group of n. Therefore, by Corollary 1.2, g induces an expanding algebraic
soliton to HCF on the Lie group of s3,−1 ⊕ C if and only if
[adW1 |n, ad
t
W¯1
|n] = 0 and g(W1, W¯1) = −
1
2c
tr(adW1 |nad
t
W¯1
|n) .
It is straightforward to show that the first condition holds if and only if q, r, s = 0; while, since
{Wi} is a g-unitary basis, we have
1 = g(W1, W¯1) = −
1
2c
tr(adW1 |nad
t
W¯1
|n) = −
|p|2
c
,
which implies c = −|p|2. Thus in matrix notation, with respect to {Wi}, we have
Kg = −|p|
2I +D ,
where D := diag(0, |p|2, |p|2, |p|2).
Finally, we note that
g(Z2, Z¯3) = g(Z2, Z¯4) = g(Z3, Z¯4) = 0 ⇐⇒ q = r = s = 0 ,
and we have following result:
Proposition 4.1. A Hermitian inner product g on s3,−1 ⊕ C induces an expanding algebraic
soliton to HCF on the corresponding (simply connected) Lie group if and only if g(Z2, Z¯3) =
g(Z2, Z¯4) = g(Z3, Z¯4) = 0.
4.2. g1(−2). Given a Hermitian inner product g on g1(−2), there exists a g-unitary basis satis-
fying
W1 ∈ 〈Z1, Z2, Z3, Z4〉 , W2 ∈ 〈Z2, Z3, Z4〉 , W3 ∈ 〈Z3, Z4〉 , W4 ∈ 〈Z4〉 .
With respect to this new basis, we have
[W1,W2] = pW2 + qW3 + rW4 , [W1,W3] = sW3 + tW4 , [W1,W4] = uW4 ,
for some p, q, r, s, t, u ∈ C, where p+ s+ u = 0 and p, s, u 6= 0. Then, g1(−2) splits in
g1(−2) = r⊕ n ,
where r = 〈W1〉 and n = 〈W2,W3,W4〉, and gn gives rise to an expanding algebraic soliton to
HCF on the Lie group of n, since n is an abelian ideal.
Now, a direct computation yields that
[adW1 |n, ad
t
W¯1
|n] = 0 if and only if q, r, t = 0 ;
while
1 = g(W1, W¯1) = −
1
2c
tr(adW1 |nad
t
W¯1
|n) = −
|p|2 + |s|2 + |u|2
2c
,
since {Wi} is a g-unitary basis. Therefore, if q, r, t = 0 and c = −(|p|
2 + |s|2 + |u|2)/2, the
assumptions in Corollary 1.2 are satisfied and, in matrix notation with respect to {Wi}, we have
Kg = cI +D ,
where D := −diag(0, c, c, c).
Noting that
g(Z2, Z¯3) = g(Z2, Z¯4) = g(Z3, Z¯4) = 0 ⇐⇒ q = r = t = 0 ,
we obtain the following result.
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Proposition 4.2. A Hermitian inner product g on g1(−2) induces an expanding algebraic
soliton to HCF on the corresponding (simply connected) Lie group if and only if g(Z2, Z¯3) =
g(Z2, Z¯4) = g(Z3, Z¯4) = 0.
4.3. g4. Let g˜ be a Hermitian inner product on g4 such that Z2, Z3, Z4 are orthogonal to each
other. Let {Wi} be a g˜-unitary basis satisfying
W1 ∈ 〈Z1, Z2, Z3, Z4〉 , W2 ∈ 〈Z2〉 , W3 ∈ 〈Z3〉 , W4 ∈ 〈Z4〉 .
Then, we have
[W1,W2] = pW3 , [W1,W3] = qW4 , [W1,W4] = rW2 ,
and we assume p, q, r ∈ R+\{0}. Hence, g4 splits as
g4 = r⊕ n ,
where r = 〈W1〉 and n = 〈W2,W3,W4〉.
Since n is an abelian ideal, g˜n induces an expanding algebraic soliton to HCF on the Lie group
of n. Moreover, by Corollary 1.2, g˜ induces an expanding algebraic soliton to HCF on the Lie
group of g4 if and only if
[adW1 |n, ad
t
W¯1
|n] = 0 and 1 = g(W1, W¯1) = −
1
2c
tr(adW1 |nad
t
W¯1
|n) .
The first condition is equivalent to require p = q = r, while the second one is satisfied if and
only if c = −3
2
p2. Hence, in matrix notation with respect to {Wi}, we obtain
Kg˜ = −
3
2
p2I +D ,
where D := 3
2
diag(0, p2, p2, p2).
Finally, we note that
g˜(Z2, Z¯2) = g˜(Z3, Z¯3) = g˜(Z4, Z¯4) ⇐⇒ p = q = r ,
and we have following result:
Proposition 4.3. A Hermitian inner product on g4 induces an expanding algebraic soliton
to HCF on the corresponding (simply connected) Lie group if and only if it is homothetically
equivalent to a Hermitian inner product g on g4 satisfying g(Z2, Z¯2) = g(Z3, Z¯3) = g(Z4, Z¯4)
and g(Z2, Z¯3) = g(Z2, Z¯4) = g(Z3, Z¯4) = 0.
4.4. g7. Let g˜ be the standard Hermitian inner product on g7. Then, g7 splits in
g7 = r⊕ n ,
where r = 〈Z1〉 and n = 〈Z2, Z3, Z4〉 is isomorphic to h3(C), the Lie algebra of the 3-dimensional
complex Heisenberg Lie group H3(C).
In view of [7, Proposition 4.1], any left-invariant Hermitian metric on H3(C) is an expanding
soliton to HCF. Therefore g˜n induces an expanding algebraic soliton to HCF on the Lie group
of n, and a straightforward computation yields that
[adZ1 |n, ad
t
Z¯1
|n] = 0 and tr(adZ1 |nad
t
Z¯1
|n) = 2 .
Then, the assumptions in Corollary 1.2 are satisfied if and only if c = −1, and in such a case we
have
Kg˜ = −I +D ,
where D := diag(0, 1, 1, 1). Hence, we can claim the following proposition:
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Proposition 4.4. A Hermitian inner product on g7 induces an expanding algebraic soliton
to HCF on the corresponding (simply connected) Lie group if and only if it is homothetically
equivalent to g˜.
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